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A set of equations describing the motion of a free magnetic nanoparticle in an external magnetic 
field in a vacuum, or in a medium with negligibly small friction forces is postulated. The 
conservation of the total particle momentum, i.e. the sum of the mechanical and the total spin 
momentum of the nanoparticle is taken into account explicitly. It is shown that for the motion of a 
nanoparticle in uniform magnetic field there are three different modes of precession of the unit 
magnetization vector and the director that is parallel the particle easy anisotropy axis. These modes 
differ significantly in the precession frequency. For the high-frequency mode the director points 
approximately along the external magnetic field, whereas the frequency and the characteristic 
relaxation time of the precession of the unit magnetization vector are close to the corresponding 
values for conventional ferromagnetic resonance. On the other hand, for the low-frequency modes 
the unit magnetization vector and the director are nearly parallel and rotate in unison around the 
external magnetic field. The characteristic relaxation time for the low-frequency modes is 
remarkably long. This means that in a rare assembly of magnetic nanoparticles there is a possibility 
of additional resonant absorption of the energy of alternating magnetic field at a frequency that is 
much smaller compared to conventional ferromagnetic resonance frequency. The scattering of a 
beam of magnetic nanoparticles in a vacuum in a non-uniform external magnetic field is also 
considered taking into account the precession of the unit magnetization vector and director. 
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I. Introduction 
 
Magnetic nanoparticle is a unique physical object since both classical and purely quantum 
degrees of freedom have to be taken into account to describe its behavior in external magnetic field. 
The particle angular velocity ω and tensor of inertia represent the classical degrees of freedom of a 
nanoparticle. The tensor of inertia is reduced [1] to a scalar I in the simplest case of a spherical 
nanoparticle. The quantum degrees of freedom are described [2,3]  by a macrospin S. The latter in 
the quasi-classical approximation is defined as the ratio of the particle total magnetic moment to the 
gyromagnetic ratio γ, S = - MsVα/γ, where Ms is the saturation magnetization, V is the particle 
volume, and α is the unit magnetization vector. According to the general quantum mechanical 
principle [4], the total momentum of the particle J, which is the sum of the mechanical angular 
momentum, L = Iω, and the total spin momentum S, is conserved for an isolated nanoparticle  
 
constVMISLJ s =−=+= γαω
rrrrr .    (1) 
 
It has been shown [5,6] for the first time that the conservation of the total momentum J leads to 
important consequences for the quantum tunneling of the magnetic moment of an isolated magnetic 
nanoparticle. However, the probability of quantum tunneling of the magnetic moment is nonzero [7] 
only for particles of very small diameters, D ≤ 2-4 nm. At the same time, the conservation of the 
total momentum J may determine the behavior of a magnetic nanoparticle in a much larger range of 
sizes. 
Consider, for example, a spherical Fe3O4 nanoparticle having the saturation magnetization 
Ms = 480 emu/cm3 and the density ρ = 5 g/cm3, respectively [8]. The single-domain diameter of 
such nanoparticle has been estimated [9] to be Dc = 64 nm. It is easy to see that for a single-domain 
Fe3O4 particle with a diameter D = 50 nm the total spin momentum is given by S = 1.8×10-21 erg×s. 
This value of the spin momentum is relatively large, as the particle mechanical angular momentum, 
L = Iω = ρVD2ω/10, is compared with the spin momentum only for a sufficiently large value of the 
particle angular velocity, ω = 2×106 1/s. This unique physical situation realizes mostly for magnetic 
nanoparticles, as for particles of macroscopic sizes the mechanical angular momentum is 
overwhelmingly large even at small angular velocities. This is a consequence of the fact that the 
particle moment of inertia increases proportionally to D5. Of course, the angular velocity of the 
nanoparticle is generally low [10] in the presence of viscous friction in the environment, for 
example, in a viscous liquid. In this case one has L << S, and Eq. (1) does not hold. However, Eq. 
(1) is crucial in the study of motion of magnetic nanoparticle in an external magnetic field in a 
vacuum, or in an environment with negligible small friction forces. 
 In the present paper we postulate the equations that determine the motion of a free single-
domain nanoparticle in external magnetic field. It is shown that in a homogeneous magnetic field 
there are three different modes of precession of the unit magnetization vector α and the unit vector 
n, that shows the direction of the particle easy anisotropy axis. These modes differ significantly in 
the precession frequency. The frequency of the highest mode ν1 is close to that of a conventional 
ferromagnetic resonance, the direction of the vector n being almost parallel to the external magnetic 
field. Remarkably, however, that for a free nanoparticle there are two low-frequency modes with 
frequencies ν2, and ν3 ≈ - ν2. For these modes the vectors α and n are nearly parallel and rotate in 
unison around the direction of the external magnetic field. The low-frequency modes have relatively 
long relaxation times. Consequently, in a rare assembly of magnetic nanoparticles in a vacuum there 
exists resonance absorption of the alternating magnetic field at a frequency ν2, significantly lower 
than the ordinary ferromagnetic resonance frequency. 
In this paper we consider also the scattering of a beam of magnetic nanoparticles in a non-
uniform external magnetic field, taking into account the complex motion of the vectors α, n and ω. 
In particular, we show that in the case of scattering of magnetic nanoparticles on a two dimensional 
magnetic “lens” the trajectory of the magnetic nanoparticle practically coincides with that of 
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passive magnetic moment, whose direction at each point of the trajectory is parallel to the external 
magnetic field at the same point. This enables one to determine the ratio Ms/ρ by means of the 
measurement of the scattering angle of a nanoparticle at given initial conditions. This scattering 
experiment could be made similar to the well-known experiments [11-13] on the scattering of 
magnetic nanoclusters in external magnetic field. 
 
II. Basic equations 
 
Consider a spherical uniaxial ferromagnetic nanoparticle that can freely rotate in space in the 
absence of viscous friction in the environment. In the presence of an external uniform magnetic 
field H0 a total energy of the nanoparticle is given by 
( ) ( )02122
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where K1 is the anisotropy constant of the magnetic nanoparticle and other values have been defined 
above. In a homogeneous external magnetic field the center of mass of the nanoparticle is at rest or 
moves freely, and this movement presents no interest. On the other hand, the time dependence of 
the vectors α, n and ω is described by the following equations 
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Eq. (3) is usual kinematic relation [1] for a rotating rigid body. Eq. (4) is the equation of motion [1] 
for the mechanical angular momentum, where N is a torque acting on the particle, and Eq. (5) is the 
Landau - Lifshitz equation [2] for the unit magnetization vector. In Eqs. (4), (5) the effective 
magnetic field is given by [2] 
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where Hk = 2K1/Ms is the particle anisotropy field. Similarly, the torque in Eq. (4) can be calculated 
[10] as  
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Note that the set of Eqs. (3) - (6) is consistent in the sense that it leads to the correct equation 
of motion for the total momentum of the particle 
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Therefore, the torque applied to the magnetic moment of the nanoparticle, MsVα, leads to a change 
in the particle total momentum, J = L + S. 
In Eqs. (4) and (5) the terms proportional to the damping constant κ are introduced to 
describe the phenomenological magnetic damping for the motion of the unit magnetization vector. 
 4
The structure of the dissipative terms is chosen based on the following arguments. In the absence of 
damping, κ = 0, the change of the total particle energy is given by 
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Therefore, the change in the total particle energy is determined by the work done by the external 
magnetic field H0. Evidently, the total energy is conserved, dW/dt = 0, if H0 = const. Eq. (8) can be 
easily proved using the equations of motion (3) - (5) with κ = 0. 
Let us assume now that the effect of dissipation on the motion of the unit magnetization 
vector α can be described by introducing an additional term 
[ ] [ ]ηαγαγα rrrrr ,, +−= efHdtd ,   (9) 
 
where η is an auxiliary vector proportional to the damping parameter κ. The structure of the new 
term follows from the condition 1=α
r
. However, we must keep precise Eq. (7) for the total 
momentum of the nanoparticle J. Therefore, the equation for the vector L must be augmented by a 
similar dissipation term 
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Using Eqs. (3), (9) and (10), one can calculate the change in the total energy of the particle at H0 = 
const as 
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As a result of the dissipation the total energy of the particle, Eq. (2), decreases and transforms into 
thermal energy. Therefore, the right-hand side of the expression (11) must be negative definite. This 
condition can be satisfied by setting 
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Then, Eqs. (9) and (10) lead to the relations (5) and (4), respectively. 
Eqs. (3) - (6) can be solved numerically using the procedure described in the appendix to 
Ref. 10. However, to clarify the nature of the resulting complex motion of the vectors α, n and ω in 
the next section we present an approximate analytical solution of the linearized equations of motion 
for these vectors. 
 
III. Particle precession 
 
 To obtain approximate analytical description of the motion of the vectors α , n and ω under 
the influence of external uniform magnetic field it is convenient to rewrite the set of Eqs. (3) - (6) in 
the following equivalent form 
[ ]n
dt
nd rrr ,ω= ;  ( ) [ ]kdt
d rrrr ,2 ανανω ξα =− ;   (13) 
( )[ ] [ ] ( )[ ][ ]ωανναακαναανα rrrrrrrrrrrrrr −+−−−= nnkknn
dt
d
kHHk ,,,, . 
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Here we use Eq. (7) instead of Eq. (4). Besides, the external magnetic field is directed along the z-
axis of the Cartesian coordinates, so that H0 = H0k, where k is the unit vector along the z axis. In 
Eq. (13) the following notations for the characteristic frequencies of the problem are introduced: νk 
= γHk, νH = γH0, νξ2 = MsVH0/I, and να = MsV/Iγ. 
For numerical simulation of Eqs. (13) we use the typical parameters of a soft type magnetic 
nanoparticle: K1 = 105 erg/cm3, Ms = 500 emu/cm3, D =5×10-6 cm, and ρ = 5 g/cm3. The external 
magnetic field is given by H0 = 10 Oe. Then, the characteristic frequencies defined above are given 
by νk = 7.04×109 1/s, νH = 1.76×108 1/s, νξ = 2.0×107 1/s, and να = 2.27×106 1/s, respectively. Here 
we use the value [14] γ = 1.76×107 1/(s×Oe) for the gyromagnetic ratio. Thus, the frequency νk is 
the largest one in the given problem. It is close to the ferromagnetic resonance frequency [14] of 
motionless nanoparticle, νk + νH, oriented along the external magnetic field. As we shall see further, 
the frequency νξ is also significant, even though it is two orders of magnitude less than νk. Note that 
the ratios stated among the characteristic frequencies hold for a sufficiently wide range of the 
particle parameters. 
The numerical simulation of Eqs. (13) shows that for arbitrary initial conditions for the 
vectors α, n and ω  the orientations of the unit magnetization vector and director quickly set close 
to the external magnetic field direction even in a relatively weak external magnetic field. The 
subsequent evolution resembles a precession of the vectors α and n around the vector k. As a result, 
the z-components of the vectors α and n turn out to be close to unity. Therefore, a linearization of 
Eqs. (13) can be carried out putting in Eqs. (13) αz = nz = 1  
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From the conservation of the z-component of the reduced total particle momentum, Jz/I = jz = const, 
one obtains the relation ωz = να + jz = const. Then it is easy to see that neglecting the magnetic 
damping, i.e. in the limit κ → 0, the linearized system of Eqs. (14) has the following general 
solution 
( )ϕνα += tAx cos ;  ( )ϕνα += tAy sin ; 
( )ϕν += tBnx cos ;  ( )ϕν += tBny sin ;  (15) 
( )ϕνω += tCx cos ;  ( )ϕνω += tCy sin , 
 
where the amplitudes A, B and C are related by the equations 
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2
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and the eigen-frequency ν satisfies the dispersion equation 
 
( ) ( )[ ] 0223 =+−++++− ξα νννννννωνννων kkHkzHkz .  (16b) 
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It can be shown that Eq. (16b) has three real solutions, so that there are three independent 
precession modes of the vectors α, n and ω. Without loss of generality one can assume that the 
angular frequency of the particle rotation around the z axis is small compared to other characteristic 
frequencies, i.e. ωz << να << νH << νk. Since the frequency ωz is determined by the initial 
conditions, to simplify the calculations we set further ωz = 0. Then, one obtains from Eq. (16b) the 
approximate solutions 
Hk ννν +≈1 ; 
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As we mentioned above, the highest eigen-frequency ν1 is close to the precession frequency of the 
magnetic moment of a motionless nanoparticle oriented along the external magnetic field [14]. For 
this mode the transverse components of the vector n are small, because according to Eq. (16a) the 
amplitude B1 ≈ 0. On the other hand, the modes ν2 and ν3 ≈ - ν2 describe the low-frequency 
precession of the particle magnetic moment. It is easy to see that for the low frequency modes the 
vectors α and n move in unison and almost parallel to each other, since the ratio (νk +νH -ν2)/νk ≈ 1, 
and B2 ≈ A2. 
To determine the relaxation times of the oscillation modes (17) it is necessary to take into 
account the terms proportional to the damping constant κ in the linearized set of Eqs. (14). 
Assuming the damping constant small, it is easy to see that the solution of Eqs. (14) has the form 
 
( ) ( )ϕνβα +−= ttAx cosexp ;  ( ) ( )ϕνβα +−= ttAy sinexp . (18) 
 
Similar formulas hold for the transverse components of the vectors n and ω. In Eq. (18) the 
parameter β is assumed to be proportional to the damping constant κ, whereas the frequency ν still 
satisfies Eq. (16b). Then, in the lowest order with respect to κ one obtains from Eqs. (14) the 
relation  
( )[ ] ( )2223 ξα ννννκβννν −+=+− Hk .   (19) 
 
For the high frequency mode Eq. (19) gives the well-known [14] equation β1 ≈ κ(νk + νH). On the 
other hand, the decay rate of the low frequency mode ν2 is given by 
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The same expression holds also for the decay rate of the mode ν3. Note that the values β2, β3 turn 
out to be small, so that the corresponding relaxation times of these modes, τ = 1/β, are relatively 
large. Indeed, assuming νk = 7.04×109 1/s, νH = 1.76×108 1/s and νξ = 2.0×107 1/s, one obtains from 
Eq. (20) τ2 = 1.4×10-3/κ  s, while the relaxation time of the high-frequency mode at the same 
characteristic frequencies equals to τ1 = 1.39×10-10/κ  s. Note that according to the solution (18), in 
the final equilibrium state all three vectors α, n and ω are arranged along the external magnetic field 
direction. 
As we mentioned above, the numerical solution of the nonlinear set of Eqs. (13) with 
arbitrary initial conditions for the vectors α, n and ω shows that after fast transient process a 
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complex motion of these vectors persists that is a superposition of different oscillation modes, Eqs. 
(17). To study these modes individually, it is necessary to set the initial conditions for the vectors α, 
n and ω  according to Eqs. (16a). Below, we compare the approximate analytical solution, Eqs. (15) 
- (20), with the numerical simulation of Eqs. (13). The latter is carried out for the above values of 
the magnetic parameters, i.e. K1 = 105 erg/cm3, Ms = 500 emu/cm3, D =5×10-6 cm, H0 = 10 Oe, and 
ρ = 5 g/cm3. The magnetic damping varies within the range κ = 0.01 – 1.0. To achieve a reasonable 
accuracy of the numerical simulation, the numerical time step does not exceed 1/100 of the 
characteristic precession time of the motionless nanoparticle, i.e. Tp ~ 1/γHk = 1.4×10-10 s. 
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Fig. 1 The time dependence of the particular energies of magnetic nanoparticle for the high-frequency mode 
ν1 which corresponds to the usual ferromagnetic resonance. Inset shows the behavior of the αx component of 
the unit magnetization vector. 
 
Fig. 1 shows the behavior of the high-frequency mode ν1 of the magnetic nanoparticle. For 
the numerical simulation of this mode we choose the initial state of the vectors α, n and ω at t = 0 
setting in Eq. (15) A1 = 0.2, ν = ν1 and ϕ = 0, and using Eq. (16a) for the ratios B1/A1 and C1/A1. The 
longitudinal components of the vectors α and n are determined by the normalization conditions, 
221 yxz ααα −−=  and 
221 yxz nnn −−= . The z component of the angular velocity of the particle is 
assumed to be zero, ωz = 0, so that jz = - να. The solid curves in Fig. 1 show the time dependence of 
the densities of anisotropy energy, ( )( )21 1 nKwa rrα−= , Zeeman energy, ( )zsz HMw α−= 10 , and 
rotational energy of the particle, VIwr 2
2ωr= , respectively. The calculations are carried out for the 
damping constant κ = 0.01. Inset in Fig. 1 shows the time dependence of the x-component of the 
vector α. As noted above, for the mode ν1 the transverse components of the vector n are negligibly 
small, as it is nearly parallel to the magnetic field direction. 
The frequency and the relaxation time for the mode ν1 obtained numerically are in a 
reasonable agreement with the Eqs. (17) and (19). For example, according to Eq. (19) for κ = 0.01 
and the magnetic parameters given above, the relaxation time of the mode ν1 is given by τ1 = 
1.39×10-8 s, while the corresponding numerical value is τ1n = 1.4×10-8 s (see inset in Fig. 1). As Fig. 
1 shows, for the mode ν1 the rotational energy density of the particle is negligibly small, wr ≈ 0, 
because of a small angular frequency of the particle rotation and small value of the ratio I/V ~ 10-11 
g/cm. The Zeeman energy density is also small due to small value of H0. Thus, the total energy of 
the magnetic nanoparticle in this case is determined by the magnetic anisotropy energy. 
 8
0 1 2 3 4 5 6
0
50
100
150
200
wa
wr
wz
En
er
gy
 d
en
si
ty
  (
er
g/
cm
3 )
Time  (10-6 s)
wt
100*αx
 
Fig. 2. The particular energies of magnetic nanoparticle for the low-frequency mode ν2. Note the enlarged 
scale of the time axis as compared with Fig. 1. The dotted line shows the αx component increased by a factor 
100. 
 
In fact, the low-frequency eigen-modes ν2 and ν3 differ only by a sign of rotation of the 
vectors α and n around the external magnetic field direction. For numerical simulation of the mode 
ν2 we choose the initial state at t = 0 setting in Eqs. (15), (16a) A2 = 0.2, ν = ν2 and ϕ = 0. Also, we 
set ωz = 0, as before. Fig. 2 shows the results of numerical simulation of the mode ν2 for the 
damping constant κ = 0.5 and for the same values of the other magnetic parameters. Unlike the 
mode ν1, for the mode ν2 the unit magnetization vector is approximately parallel to the director, α ≈ 
n. Both vectors rotate in unison around the external magnetic field direction. Therefore, as shown in 
Fig. 2, for the mode ν2 the magnetic anisotropy energy density is small, wa ≈ 0, whereas the Zeeman 
and rotational energy densities have close values, wr ≈ wz. Indeed, in the linear approximation, Eqs. 
(15) - (17), it is easy to prove that for a given mode the ratio wz/wr = (ν2/νξ)2 ≈ 1. For comparison, in 
Fig. 2 we show also the x-component of the vector α multiplied by a factor 100. As will be shown 
below, the small oscillations of the particular energies wr and wz, visible in Fig. 2 are associated 
with a small contribution of the mode ν3 which is difficult to exclude in the numerical simulation. 
As noted above, the relaxation time for the low frequency modes is very large. Indeed, using 
Eq. (20) one obtains τ2 = 2.8×10-3 s for κ = 0.5. Therefore, as Fig. 2 shows, the oscillation 
amplitude of the transverse components of the vectors α, n and ω, and all the particular energies are 
virtually unchanged over a large number of precession periods. As a result, it is not easy to estimate 
the relaxation time of the mode ν2 numerically.  
For arbitrary initial conditions for the vectors α, n and ω a complex oscillatory process 
occurs, which is a linear superposition of the modes (17). However, the high-frequency mode ν1 has 
a very short relaxation time. Therefore, at times t >> τ1 a superposition of the modes ν2 and ν3 
survives only. As follows from Eq. (17), these eigen frequencies can be represented as ν2 = ν - ε 
and ν3 = -ν - ε, with kH νννν ξ += 1  and ( )kH νννε α += 15.0 , where ε << ν (we neglect the 
second term in ε since it is significantly less then the first one). For simplicity, consider the case 
when the modes ν2 and ν3 have equal amplitudes, A2 = A3 = A, and the same phases, ϕ2 = ϕ3 = 0. 
Then, the transverse components of the unit magnetization vector are given by 
 
( ) ttAttAx ενννα coscos2coscos 32 =+= ; 
( ) ttAttAy ενννα sincos2sinsin 32 −=+= .    (21a) 
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The same formulas are valid for the transverse components of the vector n with the replacement of 
A for B. Since the coefficient C3 ≈ - C2, for the transverse components of the angular velocity one 
obtains 
ttCx ενω sinsin2= ; ttCy ενω cossin2= .   (21b) 
 
It follows from Eq. (21) that the transverse components of the vectors α, n and ω oscillate with the 
frequency ν in a plane passing through the z-axis. Simultaneously, this plane rotates slowly around 
the z axis with the frequency ε. For the densities of the Zeeman energy, the anisotropy energy and 
the rotation energy one obtains in this case 
 
( ) ( ) tAHMHMHMw syxszsz νααα 2202200 cos221 =+≈−= ,  
( )( ) ( ) ( )( ) ( ) tBAKnnKnKw yyxxa νααα 22122121 cos41 −=−+−≈−= rr , (22) 
( ) tC
V
I
V
Iw yxr νωω
2222 sin2
2
=+≈ .    
 
Thus, for joint excitation of the modes ν2 and ν3 the particular energies (22) oscillate with a 
frequency 2ν around their mean values. In this process the rotational energy wr periodically 
transforms into the sum of the magnetic energies, wa + wz, and vice versa. However, using Eqs. 
(16), (17) it can be shown that neglecting the damping the total energy of the nanoparticle wt 
remains constant 
( )kHsrzat HMAwwww νν+=++= 12 02 . 
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Fig. 3. The superposition of the low-frequency modes ν2 and ν3 excited with equal amplitudes and phases: a) 
the behavior of the particular energies, and b) the time dependence of the x-components of vectors α and n. 
 
Fig. 3a shows the behavior of the particular energies of magnetic nanoparticle, and Fig. 3b 
shows the behavior of the unit magnetization vector and the director for the case when the modes ν2 
and ν3 are excited with equal phases and amplitudes, A2 = A3 = 0.1. One can see that the numerical 
simulation data are in a good correspondence with Eqs. (21), (22). A similar behavior is observed 
also for other relations between the amplitudes and phases of the low-frequency modes ν2 and ν3. 
Let us now consider briefly the magnetization process in the absence of the external 
magnetic field. In this case Eq. (7) leads to the conservation of the total momentum of the particle 
 
constjIJ =−== ανω α
rrrr
0 . 
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Consequently, the vector ω  can be excluded from Eqs. (3) and (5). This leads to the following 
equations for the vectors α and n 
 
[ ] [ ]nnj
dt
nd rrrrr ,,0 ανα+= ;     (23) 
( )[ ] ( )[ ][ ]0,,, jnnnndt
d
kk
rrrrrrrrrrr
−−−= αναακααν
α
. 
 
As numerical simulation shows, in this case the precession of the vectors α and n is around the 
direction of the vector j0. Setting j0 = νjk, one obtains from Eq. (23) the linearized equations of 
motion for the transverse components of the vectors α and n 
 
( ) yyjx ndt
dn
αννν αα ++−= ;   ( ) xxjy ndt
dn
αννν αα −+= ;  
( ) ( ) xjxxkyykx nndt
d
ακνακναν
α
+−−−−= ;   (24) 
( ) ( ) yjyykxxky nndt
d
ακνακναν
α
+−−−= . 
 
Neglecting the magnetic damping, κ → 0, one can easily check that the solution of Eqs. (24) has the 
form 
( )ϕνα += tAx cos ;  ( )ϕνα += tAy sin ;  (25) 
( )ϕν += tBnx cos ;  ( )ϕν += tBny sin , 
 
where the amplitudes A and B are related by  
AB
k
k
ν
νν −
= ,     (26a) 
and the corresponding dispersion equation for the eigen-frequency ν reads  
 ( ) 02 =+++− kjkj ννννννν α .   (26b) 
 
For further analysis, we assume that the characteristic frequencies να and νj are small with respect 
to νk, i.e. να, νj << νk. In this case Eq. (26b) has a high-frequency and low-frequency solutions, ν1 
and ν2, respectively 
⎟⎟⎠
⎞
⎜⎜⎝
⎛
−
+=
jk
k νν
ν
νν α11 ;  ⎟⎟⎠
⎞
⎜⎜⎝
⎛
−
−=
jk
j νν
ν
νν α12 .  (27) 
 
The high-frequency oscillation mode is again close to the usual ferromagnetic resonance frequency, 
and for this mode the amplitude of the oscillation of the vector n is negligibly small, B1 ≈ 0. On the 
other hand for the low-frequency mode one has B2 ≈ A2. Therefore the vectors α and n are nearly 
parallel. Note also, that in the case considered the vectors α, n and ω line up along the direction of 
the reduced total momentum j0 at the end of the relaxation process. 
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IV. Magnetic particle scattering  
 
Consider now the behavior of a magnetic nanoparticle in a non-uniform external magnetic 
field. In this case, the motion of the center of mass of the nanoparticle in the Cartesian coordinates 
(x, y, z) is governed [15] by the equations 
( ) xs HMdt
xd ∇= vrαρ 2
2
;  ( ) ys HMdt
yd ∇= vrαρ 2
2
;  ( ) zs HMdt
zd ∇= vrαρ 2
2
. (28) 
 
Further we restrict ourselves to a simple case of scattering of magnetic nanoparticle on the two 
dimensional magnetic "lens", when the external magnetic field has the form 
 
( ) ( )( )zxHzxHH zx ,,0,,=r .     (29) 
 
Since the stationary magnetic field in a vacuum satisfies the Maxwell’s equations, 0div =H
r
, 
0rot =H
r
, the partial derivatives of the magnetic field components are related by 
 
z
H
x
H zx
∂
∂
−=
∂
∂ ;  
x
H
z
H zx
∂
∂
=
∂
∂ .    (30) 
 
Using Eqs. (30), the Hx component can be eliminated from Eqs. (28). Then one arrives to the 
equations 
 
⎟⎠
⎞⎜⎝
⎛
∂
∂
+
∂
∂
−=
x
H
z
HM
dt
xd z
z
z
x
s αα
ρ2
2
;  ⎟⎠
⎞⎜⎝
⎛
∂
∂
+
∂
∂
=
z
H
x
HM
dt
zd z
z
z
x
s αα
ρ2
2
. (31) 
 
The motion of the particle along the y axis is free. For simplicity, the y-component of the particle 
velocity may be set equal to zero. 
Z
X
Lc
- Lc
r2
r1
H
σ
- σ
V0x
z0
 
 
Fig. 4. The magnetic field of a two-dimensional magnetic lens. 
 
Consider a magnetic field distribution for a specific two-dimensional lens. Let the lens 
consists of a line of negative magnetic poles distributed along the y axis with a linear charge density 
-σ, crossing the plane (x, z) at the point (0, Lc), and of a parallel line of the positive magnetic charge 
of a linear density σ. The latter line intersects the plane (x, z) in the symmetric point (0, -Lc), as Fig. 
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4 shows. Then the magnetic field of the lens at an arbitrary point of the plane (x, z) is determined by 
the equation 
⎟⎟⎠
⎞
⎜⎜⎝
⎛
−= 2
2
2
2
1
12
r
r
r
rH
rrr
σ ,     (32a) 
where the corresponding two-dimensional vectors are given by ( )cLzxr += ,1r , ( )cLzxr −= ,2r . 
Hence the magnetic field components of the lens are 
 
( )( ) ( )( )2222
2
0
2
cc
c
zx LzxLzx
xzLHH
−+++
−= ;  
( )
( )( ) ( )( )2222
2222
0
cc
cc
zz LzxLzx
LzxLHH
−+++
+−
= .    (32b) 
 
Here we define the z-component of the magnetic field at the origin as Hz(0,0) = 4σ/Lc = H0z.  
When solving Eqs. (31), (32) one has to take into account that the components of the unit 
magnetization vector αx, αz satisfy Eqs. (5) - (7). Thus, they change in a complex way during the 
translational motion of the center of inertia of the nanoparticle. The only simplification of the 
problem is based on the fact that due to the high precession frequency of the vector α and the 
relatively slow motion of the nanoparticle center of mass one can assume that the precession is 
performed in the local magnetic field that acts on the nanoparticle at a given point of the particle 
trajectory.  
It is useful to consider first a simpler problem of scattering on the lens (32) a "passive" 
magnetic moment. In this limiting case, it is assumed that the internal degrees of freedom of 
magnetic nanoparticle are at equilibrium, so that the vectors α and n are parallel to each other and 
directed along the local magnetic field existing at a given point of the trajectory. In other words 
 
22
, zxxpxx HHH +== αα ;  
22
, zxzpzz HHH +== αα .  (33) 
 
In this approximation the set of Eqs. (31) - (32) is closed and allows the numerical integration 
using, for example, a simple Euler’s scheme [16]. 
Obviously, at fixed values of Lc and H0z, the trajectory of the passive magnetic moment is 
determined by the following parameters: 1) the initial velocity of the particle V0x along the x axis, 
the impact parameter z0 < Lc, and the ratio Ms/ρ. Numerical integration of Eqs. (31) - (33) shows 
(see Fig. 5a) that the asymptotic trajectories of the passive magnetic moment are straight lines, as it 
should be in the scattering. 
It is easy to see that under the approximation (33) various nanoparticles differ only in the 
different ratios Ms/ρ. Therefore, it is possible to determine this ratio by measuring the scattering 
angle of the nanoparticle for a given initial parameters (V0x, z0). The trajectories of the passive 
magnetic moment are shown in Fig. 5a depending on the initial velocity V0x and impact parameter 
z0 for the case of Ms = 500 emu/cm3, ρ = 5 g/cm3, and for the magnetic lens parameters Lc = 1 cm, 
H0z = 1000 Oe. 
Carrying out the numerical solution of Eqs. (5) - (7), (31), (32) one obtains that the actual 
path of the magnetic nanoparticle is very close to the trajectory of the passive moment having the 
same Ms/ρ ratio and the same initial parameters (V0x, z0). Indeed, as Fig. 5b shows, due to the 
presence of the magnetic damping, and because of a relatively low particle velocity, the oscillations 
of the unit magnetization vector components αx and αz decay rapidly as a function of the x 
coordinate. Evidently, they coincide with the corresponding values αx,p and αz,p of the passive 
moment before the particle passes the center of the magnetic lens, where the gradient of the 
magnetic field and the particle acceleration are maximal. The calculations in Fig. 5b are carried out 
for the magnetic nanoparticle with the parameters K1 = 105 erg/cm3, Ms = 500 emu/cm3, D =5×10-6 
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cm, ρ = 5 g/cm3. The initial parameters are given by V0x = 500 cm/s and z0 = 0.5 cm, respectively, 
the damping constant is assumed to be κ = 0.1. 
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Fig. 5. a) The trajectories of a passive magnetic moment at different initial velocities V0x and impact 
parameters z0; b) αx and αz components of the unit magnetization vector of magnetic nanoparticle as 
functions of the x - coordinate in comparison with the corresponding components αx,p and αz,p of the passive 
magnetic moment. The initial parameters of the particle and passive moment are the same, V0x = 500 cm/s, z0 
= 0.5 cm. 
 
One can see in Fig. 5b that the behavior of the unit magnetization vector of magnetic 
nanoparticle differs from that of the passive moment only for the initial part of the trajectory. 
However, it has little influence on the scattering angle of the nanoparticle. As a result, the trajectory 
of magnetic nanoparticle coincides with the path of the corresponding passive moment regardless of 
the initial values of the vectors α, n and ω. The calculations show that this conclusion is also valid 
for sufficiently small values of the damping constant, κ ~ 0.01, because the oscillations of the unit 
magnetization vector of the nanoparticle are significantly suppressed when the particle passes 
through the center of the lens, x ≈ 0. This is because at the lens center the large Hz magnetic field 
component completely orients the vectors α and n along the z axis. 
 
V. Conclusions 
 
 The problem of the motion of charged particles in an external electromagnetic field is 
important for various areas of physics, such as solid state physics, plasma physics, astrophysics, etc. 
It is discussed in detail in many famous test-books [17,18] on electrodynamics. On the other hand, 
to the best of our knowledge, the movement of magnetic nanoparticles in an external magnetic field 
has not been considered so far, although this problem arises naturally in the study of the scattering 
of magnetic nanoparticles and magnetic nanoclusters [11-13] in non – uniform external magnetic 
field. In this paper we postulate the basic set of equations that describe the motion of a free 
magnetic nanoparticle both in uniform and non-uniform external magnetic field taking into account 
the conservation of the total momentum of the nanoparticle, which is the sum of the mechanical and 
the total spin momentum. It is shown that for a free magnetic nanoparticle there are three 
independent oscillation modes of the vectors α, n and ω, which describe the internal degrees of 
freedom of the nanoparticle. The high-frequency mode ν1 is similar to the conventional 
ferromagnetic resonance. For this mode the director n is almost parallel to the external magnetic 
field direction, whereas the unit magnetization vector α is experiencing rapidly damped precession. 
However, there are also two low-frequency oscillation modes with frequencies ν2 and ν3 ≈ - ν2. For 
these modes the vectors α and n are nearly parallel and rotate in unison around the direction of the 
external magnetic field. The presence of the low-frequency oscillation modes with remarkably long 
 14
relaxation time means that in a rare assembly of magnetic nanoparticles there exists the resonant 
absorption of the energy of alternating magnetic field at a frequency that is small compared with a 
conventional ferromagnetic resonance frequency. This interesting effect seems to deserve 
experimental confirmation. 
 
References 
 
[1] L. D. Landau and E. M. Lifshitz, Mechanics (Oxford, Pergamon Press, 1969). 
[2] W. F. Brown Jr., Micromagnetics (New York, Interscience, 1993). 
[3] S. V. Vonsovskii, Magnetism (New York, Wiley, 1974). 
[4] L. D. Landau and E. M. Lifshitz, Quantum Mechanics (Oxford, Pergamon Press, 1965). 
[5] E. M. Chudnovsky, Phys. Rev. Lett. 72, 3433 (1994). 
[6] E. M. Chudnovsky and X. Martinez-Hidalgo, Phys. Rev.B 66, 054412 (2002). 
[7] E. M. Chudnovsky and J. Tejada, Macroscopic Quantum Tunneling of the Magnetic Moment 
(Cambridge, Cambridge University Press, 1998). 
[8] S. Chikazumi, Physics of Magnetism (New York, Wiley, 1964). 
[9] N. A. Usov, M. L. Fdez-Gubieda, and J. M. Barandiarán, J. Appl. Phys. 113, 023907 (2013). 
[10] N. A. Usov and B. Ya. Liubimov, J. Appl. Phys. 112, 023901 (2012).  
[11] I. M. L. Billas, J. A. Becker, A. Châtelain, and W. A. de Heer, Phys. Rev. Lett. 71, 4067 
(1993). 
[12] X. Xu, S. Yin, R. Moro, and W. A. de Heer, Phys. Rev. Lett. 95, 237209 (2005) 
[13] F. W. Payne, W. Jiang, J. W. Emmert, J. Deng, and L. A. Bloomfield, Phys. Rev. B 75, 094431 
(2007). 
[14] A. G. Gurevich and G. A. Melkov, Magnetization Oscillations and Waves (CRC, Boca Raton, 
1996). 
[15] I. E. Tamm, Theory of electricity (Moscow, Nauka, 1976) (in Russian). 
[16]H. Gould and J. Tobochnik, An Introduction to Computer Simulation Methods. Application to 
Physical Systems (Massachusetts, Addison-Wesley Publishing, 1988). 
[17] L. D. Landau and E. M. Lifshitz, The Classical Theory of Fields (Oxford, Pergamon Press, 
1971). 
[18] J. D. Jackson, Classical Electrodynamics (New York, Wiley, 1975). 
